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Abstract 

By introducing a color filtration to the multiplicity space Q, we extend the quan- 
tum Ito calculus on multiple symmetric Fock space r(L^(R"'", ^)) to the framework 
of filtered adapted biprocesses. In this new notion of adaptedness, "classical" time 
filtration makes the integrands similar to adapted processes, whereas "quantum" 
color filtration produces their deviations from adaptedness. An important feature 
of this calculus, which we call filtered stochastic calculus, is that it provides an ex- 
plicit interpolation between the main types of calculi, regardless of the type of inde- 
pendence, including freeness. Boolean independence (more generally, m-freeness) as 
well as tensor independence. Moreover, it shows how boson calculus is "deformed" 
by other noncommutative notions of independence. The corresponding filtered ltd 
formula is derived. Existence and uniqueness of solutions of a class of stochastic 
differential equations are established and unitarity conditions are derived. 

Mathematics Subject Classification (1991): 81S20, 46L50 



1. Introduction 

In this paper we develop a filtered version of the quantum Ito calculus on multiple sym- 
metric Fock spaces. It is an extension of the Hudson-Parthasarathy calculus [H-Pl] and 
its multivariate version developed by Mohari and Sinha [Mo-Si] (see also [P]). Apart from 
boson calculus, it includes many other calculi, in particular a new version of free calculus, 
which was originally developed by Kiimmerer and Speicher [K-Sp] for the Cuntz algebra. 
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as well as new examples of m-free calculi for the m-free Brownian motions introduced in 
[F-L] , where m e N (for an inclusion of the calculus on the finite difference algebra [B] 
see [P-Si]). 

In [L2] wc introduced filtered random variables, from which other random variables 
can be obtained by addition or strong limits, regardless of the notion of independence. In 
particular, this includes the three main types in the axiomatic approach to independence 
([Spl],[S2]), corresponding to tensor, free [V] and Boolean products of states. The same 
is true for m-free random variables for all 1 < m < oo obtained from the hierarchy 
of freeness construction [LI] (see also [F-L] for limit theorems and [F-L-S] for the GNS 
construction). 

By studying the asymptotic joint distributions of their normalized sums in limit the- 
orems [L2] , we were led to filtered creation, annihilation, number and time processes (see 
(2.4)-(2.7)). They live in a multiple symmetric Fock space r('^^), where H = L^(R+,^) 
and ^ is a separable Hilbcrt space with a countable fixed orthonormal basis (e„)„gN and 
are obtained from the OCR processes by multiplying them by canonical projections 

p{v) . r(7Y) ^ r(L2(R+,^?(^))), g(^) = Ce^ 

where y C N and we set Q^'^'' = {0}. In other words, p(^) is the projection onto the 
subspace built from the vaccum vector Q and those copies (or colors) of L^(R"'") which 
are associated with the set V. 

This leads to the filtered stochastic calculus developed in this paper, where we deal 
with integrals of type 

p(t) = f FdA'^G, 
Jo 

defined on the exponential domain, with the integrator — {A1)t>o being one of the 
CCR basic integrators: A'^'^^* (creation), A'^'^^ (annihilation), A^'^'>° (number), associated 
with color k, or (time). The integrands are biprocesses F <Si G — {F{t) (g) G{t))t>o 
which are not adapted, namely 

F{t) = F{t) P(^), G{t) = G{t) ® P(^) 

for all t > 0, where D,E C N, according to the past-future decomposition TCH) — 
r('Ht]) ® r(?i[t). In other words, the identity corresponding to "the future" is replaced 
by color projections with filters D, E showing which colors are filtered through. We will 
say that F ® G \s {D, E)- adapted, whereas linear combinations of such biprocesses, 
corresponding to different filters, will be called filtered adapted. 

We arrive at the filtered ltd formula, which takes a particularly nice form. Namely, let 
A^'^ and A^^ be CCR integrators associated with colors ki and k2, respectively, and let 
dA^'^dA''^' = be the result of the Ito multiphcation of the CCR differentials. 

Then all nontrivial Ito corrections for the differentials 

dl^' = GidA'^'Fi, dl^' = F2dA'^^G2 

where Gi Fi and F2 (8) G2 are {Ei, Di)- and {D2, E2)- adapted locally square integrable 
biprocesses, respectively, can be written as 

diTdlf = \D,nD,{ki)GrdlA^\A^^\F^F2G2 
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where lyi is the indicator function of the set A. We proceed further and study existence, 
uniqueness and unitarity of solutions of stochastic differential equations. 

It can be seen that the key role in this approach is played by the new notion of adapt- 
edness, which exhibits an interplay between "classical" time filtration and "quantum" 
color filtration. The corresponding calculus is a non-trivial, but quite natural and gen- 
eral extension of boson calculus. It includes many examples of quantum stochastic calculi, 
gives new ones, like m-free calculi for all natural m, and shows connections between them. 

Let us recall that the construction of the hierarchy of freeness [LI] showed how to 
approximate the free product of states using tensor independence. Filtered stochastic 
calculus preserves this hierarchy and shows that the m-free calculus exhibits the m-th 
"level of adaptedness" . More importantly, it allows us to compare the m-free calculi 
against other calculi, in particular, boson calculus, by measuring their "deviations from 
adaptedness" . In order to do that, it is enough to give the collections of filters associated 
with the calculi. This gives 

1-free calculus - V^'^^ = {0, {1}} 
m-free calculus - V^""^ = {0, {1}, ... {1, ... , m}} 

free calculus - = {0, {!}, . . . {1, . . . , m}, . . .} 

for the "minimal" formulation, i.e. when the integrands belong to the *-algebra generated 
by the corresponding fundamental processes (if we add the unit or study unitarity, we 
need to add the filter N). 

These can be compared against the two extreme cases 

0-adapted calculus - p(o) = {0} 
boson calculus - V — {N}, 

i.e. the "least adapted" calculus studied in [Vi] and [Be] associated with the projection Pq 
on the zero-particle space, and the boson calculus - the "most adapted" calculus associated 
with the projection p(^) = / on the whole space. The "least adapted" calculus from the 
hierarchy of m-free calculi is the Boolean (or 1-free) calculus. In turn, the m-free calculus 
corresponds to a mixture of m -|- 1 types of adaptedness, whereas the free calculus - to a 
mixture of infinitely many types of adaptedness. Of course, this picture holds on r(7Y). 
When we restrict ourselves to suitable proper subspaces of T(TC), for instance, to m-free 
Fock spaces, one can construct calculi which become adapted on those subspaces. 

Let us mention here other unified approaches to quantum stochastic calculus. A 
representation-free stochastic calculus was presented by Accardi, Fagnola and Quaegebeur 
in [Ac-Fa-Qu] and [Fa] . We would hke to mention here that it seems possible to treat the 
filtered calculus in a similar manner by proving semimartingale inequalities for {D, E)- 
adapted bi-processes. Non-causal approaches to stochastic calculus were developed by 
Lindsay [Li] and Belavkin [Bel]. For other calcuh, see [Ba-St-Wi], [Ap-H], [H-P2], [Bi-Sp], 
[Me] , [At-Li] , [Ma] , [SI] , [Sp2] . Our approach to calculus is closest to that of Parthasarathy 
and Sinha who reahzed [P-Si] free fundamental processes as stochastic integrals of non- 
adapted processes in boson calculus. However, we can go much further and treat in a 
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unified manner the Ito formula as well as stochastic differential equations and unitary 
evolutions. 

We would hke to stress that our approach is not restricted to the stochastic calculus. 
On the contrary, it provides a unified treatment of such elements of noncommutative prob- 
ability as (i) product states, (ii) limit theorems, (iii) quantum Ito calculus, (iv) stochastic 
differential equations, of which the first two were treated in [L2] . At the same time, it pro- 
vides a very concrete mathematical framework and exhibits connections with many other 
models, some of which were mentioned above. Although we have taken the most tradi- 
tional (Hudson-Parthasarathy) approach to calcuhis, the core of our approach seems more 
universal. The main idea boils down to introducing the second filtration in the underlying 
Hilbcrt space (the infinite tensor product of Hilbert spaces for the first quantization and 
multiple symmetric Fock space for the second quantization). It seems likely that in other 
models one can use the same idea, which could be of importance in our understanding 
how noncommutative notions of independence "deform" classical probability. 



2. Definitions and notation 
Exponential domain 

Let ^ be a separable Hilbert space with a countably infinite fixed orthonormal basis 
(en)neN- It is sometimes called the multiplicity space. By a multiple symmetric Fock space 
over /C we understand the symmetric Fock space over H — L^(R+, Q) = L^(R+) <Si G = 
1C®Q, namely 

oo 

Tin) = CQ e 7^°" 

n=l 

where denotes the n-th symmetric tensor power of 7i and Vl is the vacuum vector, 
with the scalar product given by f2) = 1, tt) = and 

where 

UiO ...OUn^— 2^ ® ...® Uain) 

and S„ denotes the symmetric group of order n. 
The exponential vectors are given by 



oo -j^ 
n= 



=0 vn! 



where = fl, and u & Ti. Thus, in particular, ^(O) = fl. The linear space S spanned by 
exponential vectors is usually called the exponential domain. It is well-known that S is 
dense in the symmetric Fock space T{7i). The scalar product of two exponential vectors 
is given by 
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where u,v G H. 

We will use the functorial property of r(7i) for the time filtration of the Hilbert space 
TC. Namely, for the direct sum decomposition 

H = Hs] © '^[s,t] © 'H[t, 
where Hs] = L'^{[0, s]) G, n[s,t] = L'^{[s, t]) (g) G and Hit = ^^([t, oo)) 6?, we have 

r = r,] (8) r[,,t] 

where T^] = T{Hs]), T^g^t] = ^{^-[3,1]), ^[t = r(7i[t) for any < s < t < 00. 

Another direct sum decomposition of Ti. is associated with the discrete color filtration 
in H. More generally, for arbitrary V e ■P(N), let n^^^ : H — > H^^^ be the canonical 
projection onto 

H(^) = 0/C0efc (2.1) 

k^V 

with Ti^'^) = {0}. We will say that II^^^ is the projection onto the subspace spanned by 
vectors of colors which are in V. Ify = {l,...,r — 1}, then a short-hand notation will 
be used, namely 

^(r) ._ ^({l,...,r-l})_ 

The vector subspace of Ti. spanned by all vectors u of finite color support, i.e. u G 
for some r G N, will be denoted by Tio- Similarly, if a; G T{T-l^'~^) for some r G N, we will 
also say that it is of finite color support. Finally, let P*^^^ : T{H) r(7i'^^^) denote the 
second quantization of II^^^ thus P'^^''e{u) = e{li^u). 
The space r('^^) will be extended to 

T{n) = ho^T{n), 

where Iiq is a separable Hilbert space called the initial space. The ampliations 1 © A'' of 
fundamental operators will also be denoted by A^. Moreover, by p(^) we will denote 
the ampliations 1 P^^^ and also its restrictions to F^j, Ffs j] or T^^. 

The exponential domain Sq, i.e. the span of e{u), where u is locally bounded as a 
function of time and is of finite color support, is then replaced by Sq — span{Alo} where 

Mo — {w e{u) = we{u) : w G T>o,u G Ho}, 

T>o is a dense subset of ho and u is locally bounded as a function of time. Clearly, TWq is 
total and So is dense in r(7i). We will also write 

for X G Mo, where V G P(N). 

The notations associated with the continuous tensor product decompositions of F(7i) 
as well as Mo will also be standard. For instance, if x = we{u) G Mo, then we will write 

where Xg] = we{us\), X[s,t] = ^{^[s^t]) and X[t = e{u[t) for s < t. 
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Filtered fundamental processes 



The filtered creation, annihilation and number operators introduced in [L2] lead to the 
filtered fundamental processes. Namely, they are expressed in terms of the canonical ones 
on r(7-^) by the following formulas: 

A^^* = AppW = a*(x[o,]®e,)pW (2.2) 

^(W ^ PWA?) = p(^)a(xM ® e.) (2.3) 

^(fe,y)o ^ Af)°p(^^W) = A(/[o,]®|e,)(e,|)p(^^W) (2.4) 

4o,y) ^ (2.5) 

where G N, y G V(N), /[o,t] denotes the operator of multiplication by the characteristic 
function xio,t] on L^(R+) and A(T) is the differential second quantization of T. The 
families of processes given by (2.2-2.5) will be called /i/tereci creation, annihilation, number 
and time procesess, respectively. 

Clearly, if F = N, equations (2.2-2.5) give CCR creation, annihilation, number and 
time processes, respectively. By 

T^{{k),{k)*,{k)o,(o)\keN} 

we denote the set of indices associated with these processes. Here, we do not follow the 
notation of [Mo-Si] in order to have a clear connection with free processes. We will also 
find it convenient to use the "duals" of G T. Thus A(*^)*t ^ ^(fc)^ ^{fc)t ^ ^(fe)t^ 

^(fe)ot ^ ^(fc)o^ ^(0)t ^ ^(0)_ 



m-free fundamental processes 

From the extended m-free fundamental operators defined in [L2] we obtain extended m- 
free fundamental processes 

m 

lf-> = £^W*p[fe-i]^ (2.6) 
fe=i 

m 

k=l 
m 

k=l 

limy ^ pM^JO) ^2.9) 



i.e. the extended m-free creation, annihilation, number and time processes, respectively, 
where Pl^^-^l = P^'^) - pC^-^), pM = P^, and m G N* = N U {oo}. 
Note that 

p^''^ : r{n) f(7^W) 
pi'^-ii : r{n) f(7^W) e f(7i('=-^)), 
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are the orthogonal projections on the closed subspaces of f (7i) spanned by elementary- 
tensors constructed from vectors of colors 0, . . . , k — 1, and those with largest color k — 1, 
respectively. 

In the sequel we will make the identifications: k = lt^\ II = /(°°)*, 1° = /(°°)° and 
l'^ = 1^°°')'. We should mention that in this paper we also identify lt\ 1^^* , 1^^° , /l™)' 
with their ampliations to TiTi.) = Hq <^ T. The "duality" relations read: l^"^^"^ = /(™')*, 
^(m)*t = /M^ /M°t = /M° ancl Z*^™)'"^ = l^"^^' . 

A shorthand notation for ( p.6|) -( ^l9|) will be used, namely 

/r= ^ 4"-^) (2.10) 

where {rj, V) ^ a means that A^^'^^ appears on the RHS of (|2.6| )- (|2.9| ) and 

a e J^m = {{m), (m)*, (m)o, (m)-}, 

the set of the indices of m-free fundamental processes, for m G N*. 

It was shown in [L2] that the extended m-free fundamental processes approximate 
extended free fundamental processes as m — oo, the latter being obtained for m = oo 
This holds on all of r(7^) in the case of creation, annihilation and time processes since 
they have unique bounded extensions to T(H), or on a dense domain in the case of number 
processes, which are unbounded on T{7i). One should also note that if m = oo, then the 
restrictions of formulas (|2.6|) - (|2.9|) to T(H^'^^) are always finite sums. 

Notation # 

We will follow [Bi-Sp] and use the symbol # to write stochastic integrals and their matrix 
elements in such a way that F and G from an integrated elementary biprocess F ^ G are 
not separated by the integrators. Thus 

dl = F(g) Gj^dM := FdMG 

will be the differential w.r.t. dM and, if X = J2i Fi ® Gi is a biprocess integrable w.r.t. 
dM, we will write the integrals as 



f Xi^dM:=Y, f FidMGi 
Jo i Jo 



When calculating matrix elements of stochastic integrals, we will also use. In turn, when 
using matrix elements, we will use 

(x,F®G2/)#((/,Q)) := {x,FQGy) 

where F (g) G is a suitable stochastic biproces, Q is a projection and x,y E So, and extend 
it by linearity . 



3. Filtered adapted biprocesses 
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By C{h, V), where /i is a separable Hilbert space and P is a dense subset of h, we denote 
the vector space of all linear operators F on h such that T> C D{F) fl D{F*), where F* 
is the adjoint of F. In this paper we will use jC{ho,T>o) and >C(r,£^o)- 

Let us first specify the notion of adaptedness. The dependence on £q and Vq of this 
notion of adaptedness is supressed in the notation. 

Definition 3.1. Let i > and let D,E e V(N). We will say that an operator A^B, 
where A,B e C{ho, Vq) £(r, Sq), is {t, D, E) - adapted if 

(1) C p{AB) and C D{B* A*) 

{2) A = A® P^^l and B = B® P^^^ according to the decomposition T = Ft] (g) T]f, 
(3) A and B leave invariant the span of vectors of finite color support, i.e. 

Vr e N 3p, g e N : B : {£^;\ ^ ^{Uf) and A : f{nf) n D{A) ^ t{Hf). 

Definition 3.2. Let D,E e V{N). By an elementary {D,E)- adapted stochastic 
biprocess we will understand a family {F{t) G{t))t>o, where 

(1) F{t)®)G{t) is {t, D, E) - adapted for alH > and such that for each r of Definition 
3.1, the numbers p, q can be chosen the same for all t > 0, 

(2) the map t — > F{t)G{t)x is strongly measurable for all x G Sq. 

We will often denote this biprocess hy F®G understanding that F — F{t) and G = G{t). 

Definition 3.3. An elementary {D, E)- adapted stochastic biprocess F ®G will be 
called simple if there exists a partition of R+ given by = to < < • • • < < ■ ■ where 
t„ t oo, such that 

oo 

F{t) ® G{t) = F{t,) ® G{t,)xit,Mii) 

k=0 

for any t G R"*". It will be called regular (or, continuous) if the map t — > F{t)G{t)x is 
strongly continuous for all x G Sq- 

The vector space spanned by elementary {D, £')-adaptcd biproccsscs will be denoted by 
A{D, E). The vector subspaces of A{D, E) spanned by elementary simple {D, E)- adapted 
biprocesses, and elementary regular {D, E)- adapted biprocesses, will be denoted S{D, E) 
and C{D,E), respectively. Arbitrary elements of A{D,E), S{D,E), or C{D,E) will be 
called {D, E)- adapted, simple {D, E)- adapted, and regular {D, E)- adapted biprocesses, 
respectively. 

Definition 3.4. Let Vo be a finite subset of V(N). A finite linear combination of 
the form 

i 

where Fi®)Gi G A{Di, Ei), Di, Ei G Vq for all i, will be called a {Vq, Vq)- adapted stochastic 
biprocess. The vector space spanned by {Vo,Vo)- adapted stochastic biprocesses will be 
denoted by AiVojVo). Any element of the algebraic direct sum 

A^ A{D,E) 

D,E€V(N) 
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will be called a filtered adapted stochastic biprocess. 



A family F — {F{t))t>o = {Ft)t>o of operators from jC{ho, 'Do)<S>C{r, £q) will be called a 
V -adapted stochastic process^ where V G P(N) if F (g) / and I ®F are {V. N)- and (N, V) 
-adapted stochastic biprocesses, respectively. The vector space spanned by V^-adapted 
processes will be denoted by AiV). Note that if F is N - adapted, then it is adapted in 
the usual ([H-Pl]) sense. Note also that if F ® G e A{D, F), then FG e A{D n F). A 
process F will be called simple, or regular if the biprocesses F ® I, I ® F are simple, or 
regular, respectively. A stochastic process F will be called Vo-adapted if 

m = E Mt) 

V&Vq 

for aU t, where Fy G A{V) for aU V eVq. 

Filtered fundamental processes A^'^'^^ ^C^-^)*^ and A^^'^^ are natural examples 

of y-adapted regular stochastic processes for all A; e N, y e 7'(N). In view of (2.2)=(2.5), 

however, the integrals with filtered fundamental processes as integrators can be expressed 
as stochastic integrals with boson integrators. Namely, given a filtered adapted biprocess 
X = YjiFi® Gi, Tj E T and V G V(N), there exists a filtered adapted biprocess X[ri, V] 
such that 

/* = /* X[rj, V]4dA'' (3.1) 

Jo Jo 

on Sq, provided the integral on the RHS exists, where 

EiFiP^^'^^Gi 

-.n _ ) Y.iFi ® P^^^Gi — y^j: . . 

EiFiP^^'^^G, 

Therefore, our study will concentrate on stochastic integrals w.r.t. the CCR processes. 
Note that in the case of number and time operators, the projections commute with A^, 
so one can also flip the projections to the other side of the tensor product. 



if 


rj = 


(k) 


if 


T] = 




if 


V = 


{k)o 


if 


V = 


(0) 
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4. Filtered fundamental lemmas 



Let us begin with the definition of stochastic integrals of elementary simple biprocesses. 

Definition 4.1. Let F G e S{D, E), where D,E e P(N), be given by Definition 
3.3. For any i] E T, define 

■'^ k=i 
on Sq, where tn <t < tn+i- 

Note that this definition does not depend on the partition of R"*" in the sense that 
one can take a refinement of the given partition to obtain the same result. Therefore, for 
convenience, we will fix t and from now on assume that t = tn- 

It is convenient to introduce some notation for complex- valued measures which appear 
in boson multivariate calculus. Thus, for given u,v E TCq (suppressed in the notation), let 



jlv^^\r)dr if 77 = {k) 

f^u^^\r)dr if 77= (A;)* , . 

jlu^^\r)v^^\r)dr if r] = {k)o ^ ' ^ 

t-s if 77 = (0) 



be the measures associated with the annihilation, creation, number and time processes, 
respectively, of boson multivariate calculus. They are all absolutely continuous with 
respect to the Lebesgue measure. 

Lemma 4.2. Let < s < t, x = we{u), y = ze{v), where w,y & Vq, u,v & Hq and let 
F (g) G e S{D, E), where D,E e V{N). Then 

{x,P{t)y) = f\x,F{s)G{s)y)dfil^j,{s) 

where /jJj^ ^ — ^ji^ and 







{ \E{k) if 77= (A:) 
1b(/c) if 77=(A;)* 
lDnE{k) if 77 = (/c)o ^^-^^ 
1 if 77 = (0) 

for all r] E T. Here, \a denotes the indicator function of the set A. Moreover, is a 
D n E-adapted regular process. 

Proof Denote P = P^^\ Q = P^^\ Since F ®G E S{D,E), and A" is N-adapted, 
therefore, using the continuous tensor product decomposition of exponential vectors, we 
obtain 

{x,F{s)®G{s)i^{A^,-AM 
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= (x,],F(s)G(s)y,])(x[,,i],P(Al'-A^)gy[,,i])(x[i,PQy[i) 
= /^z),i?([s,t])(a;s]i^(s)G(s)2/,])(Px[„Q?/[,) 
= f,lj,{[s,t]){x,F{s)G{s)y) 

which completes the proof of the first part of the lemma. The second part is obvious. □ 

If we set D = i? = y = N, then l^, e = ^ all rj E T and we obtain the formulas 
of boson calculus for adapted processes (see [Mo-Si] or [P]). Thus, the new feature in this 
lemma is that apart from the time-dependent measures given by formula (|4.1| ), which are 
the same as in boson calculus and can be associated with time, we also have the — 1 
color multipliers Tl]^ e given by formula (|4.2| ). We choose to incorporate them into the 
measures fil> e (thus we can get trivial measures) for notational convenience. 

Let us now evaluate matrix elements of the form {Ii^{t)x,l2^(t)y) for x = we{u), 
y = ze{v), M, V G Ho, w, z E Vq, where 

Jf(t)= f F,^G,i^dA'^\ 
Jo 

for elementary simple biprocesses Fi® Gi E S{Di, Ei), where Di, Ei G V{N) and r^i G T, 
i = 1,2. 

Let us also use a short-hand notation 

Ai,2 = {PMr - A'l^)Qix, PMT - AT)Q2y) 

where Pi = P^^'\ Qi = P^^'\ z = 1, 2 and < s < t < oo. We will also use the follow- 
ing convenient notation. Instead of sets Ei, Di, D2, E2 we will use integers —2,-1,1,2, 
respectively. Moreover, we will identify 1[_2] = ^Ei, 1[-i] = 1[i] = 1z)2) 1[2] = 1^2 
and extend this notation multiplicatively 

l[n,m] = l[n]l[n+l] ■ ■ - ^[m] 

for n,m e {-2, -1, 1,2}. Thus, for instance iDin^a = ^DinD2nE2 = ^^[-1,2], etc. 

Proposition 4.3. Let Fi (g) Gi e S{Di,Ei), where Di,Ei e V(N) and let rji g T, 
where i = 1,2. Then 

where ^1^2 £ {0, 1} and the non-trivial part of the table of measures ^1^2 is given by 





(k)* 


{k)o 


(A;)* 








]l[_2,i](A;)/i('=)* 


1[_2,2](A:)^('')° 



Proof. We only prove the case rji = [ki)*, 772 = (^2)*- Using the relation 
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which holds for all V e 7^(N), A; G N and t > 0, we obtain 

= [Ti^E,nD,{k2nE,nD,{h)fi^''\[s,t])fi('^^>i[s,t]) 
+ 4i,fe2l£'inD2(^i)(i - P2Q2y) 

X {PiQix,P2Q2y). 

The other cases are proved in a similar way. We do not give the explicit formulas for ki^2 
since they are not relevant for the calculus (see Lemma 4.4). □ 

Lemma 4.4. Let x = we{u), y = ze{v), where w,z &T>q and u,v & Hq. Under the 
assumptions of Proposition 4-3 we have 

{ir{t)x,lT{t)y) = f\Fi{s)Gi{s)xJT{s)y)diii{s) 

Jo 

+ [\lT{s)x,F^{s)G2{s)y)di,2{s) 
Jo 

+ f\F,is)Giis)x, F2is)G2is)y)di^i,2{s) 
Jo 

where the measures fXi2 are given by Proposition 4-3, and 



l[_2](fci)/i('^)* if Vi = {ki) 
ll-i,2]{k^)fi('-^^ if vi = ih)* 
1[-2,2](/ci)a^('=i)° if Vi 



(0) 



if Vi 



{ki)o 
(0) 



(4.3) 



A«2 = 



{k2)o 
(0) 



(4.4) 



1[2](A:2)^('^) if V2 = {k2) 
l[-2,i]{k2)fi^''> if r72 = (A;2)* 

l[-2,2](A)2)/^('^)° if V2 
if 772 

Proof. The proof is based on the Hudson-Parthasarathy theory (for instance, see [H- 
Pl] or [P]). The main changes that come into play in our case are due to 0-1 color 
multipliers which produce more zeros in our formulas. We provide only the basic algebraic 
calculations. 

Using standard decompositions of exponential vectors, we obtain 

X ^ Xtj_-,] <^ Xltj_-,,tj] <^ Xlt- 

for each j — 1, . . . ,n, and an analogous formula for y, which gives the formula 

{ir{t)x,irm = Si + s2+s, 

where 

n 
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X {PiQiX[t^)P2Q2y[t,))- 

52 = E(/''Hi.-i)^t.-.],i^2(t,-i)G2(t,-i)2/*,_,]) 

i=i 

X {PiQiX[t^)P2Q2y[t^)). 

53 = E(Fi(t,-i)Gi(t,_i)x,^_,],F2(t,_i)G2(t,-i)2/*,_,]) 

X (PiQiX[t^)P2(32l/[t,))- 

In each of those sums, the middle factor produces a complex- valued measure, denoted 
by /ii,/i2 and /xi,2, respectively. Note that Proposition 4.3 gives //i,2- In turn, fii and fi2 
are defined by 

= (Pi(A''nt)-A''ns))giX[,,t],P2Q2yM) 

H2i[s,t]) = {PiQixis,t],P2iA'^'it) - A'^'is))Q2yis,t]). 

It can be seen that it is enough to apply Lemma 4.2 to get formulas (^^ )- (|4.4| ). The 
remaining arguments are the same as in the usual case (see [P]). □ 

Remark. It is worth pointing out that the 0-1 color multipliers which appear in all 
measures in both fundamental lemmas follow easy-to-remember rules: 

Rule 1. all filters to the right of dA^^"* must contain A;, 
Rule 2. all filters to the left of dA^^"** must contain A;, 
Rule 3. all filters on both sides of dA^^'>° must contain k. 

We can of course assume that the integrated biprocesses satisfy these rules and then 
we can skip the 0-1 color multipliers. However, when we take a linear combination of 
biprocesses with different types of adaptedness as integrands, it is important to keep 
track of what survives after integration and what is killed, which is the main source of 
non-commutativity leading, for instance, to m-free calculi. 



5. An extension of the stochastic integral 

For given D,E E V(N) and G T, we will now take elementary simple biprocesses 
X G S{D, E) as integrands and A^ as integrators to approximate locally square integrable 
(D, i?)-adapted biprocesses in a topology specified below. \i X = Fi ® Gi E -Ai^D, E) 
and the associated D fl i?-adapted process B = {B(t))t>o is given by B(t) = J2i Pi{t)Gi{t) 
for all t > 0, then we will write B \= X. 



13 



Lemma 5.1. Let X e S{D,E), x = we{u), where D,E e P(N), w e Vq, u e Ho, 
and let 



P{t)x 



XifdA^x 



where rj E T. Then 



where B \^ X and 



with Cl^Eit) = e'''^'^ 



\\Pit)xr < C^^it) /J \\B{s)xfeD,EW 



E 



'D,E\ 



+ V 



D,E 



\m]) 



V 



D,E 



' li3(A;)At(o) if 77= (A;)* 
= <! lDn£;(A:y'=)° if 77 = (/c)o 
otherwise 



'D,E 



{ 1e(A;)//('=) if ?7 = {k) 

li?nE(fcy)* if r/=(fc)* 

lDn£W//^'=)° if r7=(fc)o 

//(°) if 77 = (0) 

and |//| denoting the variation of fj,. 

Proof. This proof is based on Lemma 4.4 and is similar to that in the adapted case (see 
[P]). □ 

Definition 5.2. For fixed 77 e T, define a family of seminorms ||.||a;,t,r; on A{D, E), 
where t >0, x — we{u) e M.q, by 



1X1 



\B{s)xfC{ds) 



(5.1) 



where X e A{D, E) t > 0, x e Mo and C' = Cn,n- Denote by Ll^{D, E, dA'') the hnear 
vector space of all {D, E)- adapted biprocesses X such that < 00 for all x e M.o 

and t > 0. We will say that X is locally square integrable with respect to dA^ (in our 
notation the dependence of this notion on the domain Eq and R"*" is supressed). 

Theorem 5.3. The stochastic integral with respect to the fundamental process A^ can 
be extended by continuity from S{D,E) to Lf^^{D , E , dA^) for any r] & T and D,E & 
ViN). 

Proof To show that S{D, E) is dense in ^^^.(D, E, dA'i) for any D,E e P(N) and 7/ G T, 
it is enough to shghtly modify the ideas of [Ac-Fa-Qu] and [H-Pl], where we refer the 
reader for details. □ 

For the approximating sequence of elementary simple biprocesses ff^") ® K^'^'> we set 

P{t)x = s - lim nit)x = s - lim /* ® K^^'^dA'^ 
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on Sq. In view of Lemma 5.1, the sequence (/^'(t)a;)„gN is Cauchy for each t > and 
X & M.0, hence convergent. Moreover, the convergence is uniform for t in finite intervals 
and the hmit does not depend on the choice of approximating simple biprocesses. In this 
way we obtain a, D f] E'-adapted process I'^. 

Theorem 5.4. Lemmas 4-4 5.1 remain true for locally square integrable 
integrands. 

Proof. By Lemma 5.1, the convergence of to / on [0, T] is uniform for fixed T. Therefore 
we conclude that Lemmas 4.2 and 4.4 as well as the norm estimate of Lemma 5.1 hold 
for all biprocesses which are locally square integrable w.r.t. appropriate fundamental 
processes in the sense of Definition 5.2. □ 



6. The filtered Ito formula 

In the multiplicative version of the filtered Ito formula we will use the differentials 

dl^' = Gi Fi^dA"' = GidA^'Fi 
dif = F2 ® G2#dA'^' = F2dA'^'G2 

instead of integrals /^^ l2^, respectively, where 77^ e T, ^ = 1,2 (we switch the order of 
Fi and Gi in the first differential in order to make a direct connection with Lemma 4.4). 
Recall that the boson ltd table in the multivariate case is of the form 



dA'^^dA'^^ 


dA^^> 


dA^^> 




dA^^) 


dA^^) 


dA'^''> 


dA^^> 


dA^^> 



where we adopted the convention that only the non-trivial part of the Ito table is given, 
thus the usual 5k^^k2 does not appear here. By |74''i, 74*^2] we will denote the process 
obtained in the multiplication. 

A pair of biprocesses, (X, X^), where X e A{D, E) and X'^ e A{E, D), will be called 
an adjoint pair if 

{x,B{s)y)^{B\s)x,y) 

for all x,y e Mo, where B \= X and B^ \= X'^ (cf. [P]). A pair of ^-adapted processes, 
(F, F^) is an adjoint pair if (F ® 1, 1 F'^) is an adjoint pair of biprocesses. For instance, 
= j^{k,v) ^ j^{k,v)* ^ ^{ky)o ^(o,y) according to whether F = yiC^.v-)*^ ^(fc,v)o 

^(o,v) Then (F, F^) is an adjoint pair of ^-adapted processes in F. It follows easily from 
Lemma 4.2 that if X e Ll^{D , E , dA") , Xt e Ll^{E , D , dA'''') and {X,X^) is an adjoint 
pair, then 

h{t)^fx4dA\ hit) ^ [' X^^dA^l 
Jo Jo 

is an adjoint pair of D fl F-adapted processes. 
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Theorem 6.1. (Filtered It6 Formula) Let d O Fi e Lf^^{Ei, Di,dA'^'), ® 
Gl e Ll^{D,, El, dA^it), F2 ® G2 G Aoc(^2, E2, dA^^), where D^, D^, E^, G P(N) and 
VijV2 G Suppose that I'l^Ill'^ is a Dir\D2r\Eir\E2- adapted process and that Ii^F2®G2, 
Gi (S) G1F1F2 ® G2 and Gi ® F1F2G2 are locally square integrable with respect to 

dA^^, dA"^^, dlA'^\A'^^], and dlA'^^ A"^^], respectively. Then 



d{I1'If) = iTdlf + diTiT + dll'dl^ 



where 



Il'dlf = F2 (S) G2ifdA'^' 
diTif = Gi^FJfi^dA''' 

and the Ifo correction can be written in two equivalent ways: 

diTdiT = G,®p^,,^,{F,F2)G2m^''\An 

where p^^^^2(FiF2) = l[_i^i](A;i)FiF2 = 1 01002(^1) FiFi for those values of rji,rj2 which 
belong to the non-trivial part of the ltd table, and for the other ones, it is zero. 

Proof. Without loss of generality assume that I^^ifS) = 0, z = 1,2. For all t G R"*", and 
X — we{u), y = z£{v), where w,y & Vq and u,v & T[q, we have 

{x,ir{t)ir{t)y) = {ir\t)x,ir{t)y) 



where 



= /* F* (8) G't#dA^it 
Jo 



since (/^^ /{'^^) is an adjoint pair and the product /i^/2^ has £0 in its domain. By Lemma 
4.4, this gives 

{x,I^,^{t)irm = [\l^,^\s)x,F2{s)G2{s)y)df,2{s) 

Jo 

+ f\F*{s)Gl{s)x,ir{s)y)dfi,{s) 
Jo 

+ [\f*(s)GI(s)x, F2(s)G2(s)y)dfi,,2(s) 
Jo 

= j\xJT{s)F2{s)G2{s)y)d^i2{s) 
Jo 

+ ^\x,G^{s)F^{s)IT{s)y)d^,,{s) 
Jo 

+ [\x, Gi{s)F,{s)F2{s)G2{s)y)df,i,2{s) 
Jo 

where the measures ni, 1x2 and /[/i,2 are determined appropriately depending on the fun- 
damental processes A^'^'^ and A^"^ and are given by Lemma 4.4. Let us look closer at the 
first two integrals. Note that 

F!, n^F2 G A{D'^), F[ := FJf G A{D',), 
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where i:>^ = Di n L'2 n Ei and D[ = Di n D2 n E2. Moreover, 

® e E2, dA"'), and d ® F^' e Lf„,(Fi, L>;, dA^^t) 

by assumption. Therefore, we just need to check if the measures /ii, fi2 are also obtained 
when these biprocesses are integrated w.r.t. and A^^\ respectively. This is verified 
by using Lemma 4.2. For instance, 

{x, f F:,®G24dA^'y)^ [\x,F^{s)G2{s)y)di,'j^, ^^{s) 

Jo Jo 2' 

where 

r l[2](A;2)^(*^^) if V2 = ik2) 

„m _rn _ ]lh2,i](A:2)/i('=^)* if ^2 = (A^s)* 

Md^.e^ - MDinD2ni?i,i?2 - \ l[_2_2](A;2)//(*=2)° if 772 = {^2)0 

\ ' if ??2 = (0) 

Comparing this with /i2 of Lemma 4.4, we conclude that //2 = A*zp' £2' "^^ich enables us 
to write the first integral as 

(x, t irF2^G2#dA^y) 
Jo 

which, in differential notation, corresponds to 

I]"dl^^ = I^'F2 (8) G2#dA'^^ = I^'F2dA'>'G2. 

A similar reasoning gives fj,i — /jP^^ ^, , which enables us to write the differential of the 
second integral as 

dl^'lT = Gi (8) FJT^dA'^^ = G^dA'^'FJT. 

Let us finally evaluate the Ito correction. This boils down to straightforward examination 
of 4 non-trivial cases. For instance, let 771 — (ki) and rj2 — (^2)0. Then 

Gi F1F2G2 e Ll^{Ei, Di n D2 n E2, dA^'''^) 

by assumption since IA^''^\ A^''^>j = t^fci^fc^A^'^i). We have 
This gives 

^jik.}^jik.)o ^ 4^ ^(A;^)^ (8, F,F2G2#dA^'''\ 

The second formula for the Ito correction as well as other cases are proved in a similar 
way. □ 

Definition 6.2. A (D, F)-adapted stochastic biprocess X = {X{t))t>o wiU be called 
locally-bounded if 

(1) X{t) e {B{ho) ® B(r)) (B(/io) ® B(r)) for alH > O 
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(2) the map t B{t)x is strongly measurable for all x G r(7i), where B \= X 

(3) supo<s<t \\B{s)\\ < oo for all t > 0. 

The space of locally bounded (D, £')-adapted biprocesses will be denoted by Bioc(-D, E). 

Remark. One can give a shorter formulation of Theorem 6.1 if one makes stronger 
assumptions. Namely, if we assume that Gi^Fi e Bioc{Ei, Di) and F2®G2 € i3ioc(-D2, £^2), 
then the assumptions of Theorem 6.1 are satisfied. 

Let us now give conditions under which an infinite sum of stochastic integrals associ- 
ated with the same pair of filters {D, E) but different 77 e T is well-defined on the domain 
8q. Namely, we want to define 



on £q for all t G R^, where X^ is {D,E)- adapted and locally square intcgrable with 
respect to dA^ for each 77 G T and the sum is possibly infinite. The case D = E = N was 
studied in [Mo-Si] (see also [P]). 

An approximating sequence of integrals will be given by 



r(t)= V f' x'^i^dA'^ 

^r' .Jo 



V&T (n) 

where 

Tin) = {{k),il)*,ir)o,{0) : I < kj,r < n} 

denotes the set of indices associated with fundamental processes of colors less than or 
equal to n. Now, let 

N{u) — mecK{k : u^^^ is a non — zero function in L^(R''")} 

with 

T{n,u) = {(A;), (/)*, (r)o, (0) ■.l<k,r <nAN{u),l < I < n} 

for u G Ho, and we set T{u) = T(oo, u). Note that in the case of creation process there 
is no constraint on the color support of u - the reason is that the Ito correction term 
corresponding to the creation- creation pair always appears in the filtered Ito formula 
irrespective of u. 

Theorem 6.3. Suppose X"^ g ^od^^ -^j d,A^) for eac/i ry G T and that 

f \\B'^{s)x\\^dv^{s) < 00. (6.1) 

for all t > and x G Mo, where the real-valued measures u^, u G H-o, are given by 



fin \u^^\s)\^ + l)ds 
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and \= . Then there exists a regular D fl E- adapted process I such that 

^ini^supo<s<( II (s)a; — I{t)x\\ = 

||/(t)xf < 26^^"^ J2 f \\B''{s)xfduuis) 
for all X G M.q and t > 0. 

Proof. The proof is similar to that in [P]. □ 

7. The m-FREE calculi 

In order to include m-free calculi for 1 < m < oo, we need to add biprocesses associated 
with different pairs of filters {D, E) and integrate them w.r.t. fundamental processes. In 
this section we use filtered stochastic calculus to recover m-free calculi. 

Definition 7.1. For all m G N* and a G J^m we define on £q the integrals w.r.t. 
extended m-free fundamental processes by the linear extension of 

ft rt 



Jo r 77T Jo 



{ri,V)^a' 

where X = F 0(7 is a [D, i?)-adapted stochastic biprocess for which the integrands on the 
RHS are locally square integrable biprocesses and X[ri, V] is given by (|3.2|). We will say 
that X is locally square integrable w.r.t. dl°'. The space spanned by such biprocesses will 
be denoted by LfJ{D, E, dl"). Note that if X is locally bounded, then X G Ll^iD, E, dl"") 
for all a G J^m- It can be shown that the integrals w.r.t. extended free fundamental 
processes always reduce to finite sums on £q and thus are well-defined. 

Proposition 7.2. Let x = we{u), y = ze{v), where W,Z ^ "Dq, "U, f G 'Hq, 01 G J'm 
and m G N*, and assume that F^G e Ll^{D, E, dl°'), where D,E e P(N). Then 

(x, f F®Gi^dry)= [\x,F{s)^Gis)y)ifdV''{s) 
Jo Jo 

where 

Ek^D(m^nEim){{I,P^'^))f^^'^° if a = {m)o 
((/,pW))^(o) if a={m)- 

and D{m) = D Ci {1, . . . , m}. 

Proof. It is a straightforward consequence of (2.6)-(2.9) and Lemma 4.2. □ 

Before we state the general version of the m-free Ito formula, let us first establish its 
easy case, the m-free ltd table 
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Proposition 7.3. Let ai,a2 e J^m, where m e N*. Then I'^H"'^ satisfies the relation 
where the ltd correction is given by the following multiplication table: 



dl°'^dl°'^ 






dl^""^ 




dl^""^ 









with the convention that only the non-trivial part of the table is given. 

Proof The proof is based on the Ito table for boson calculus (see Section 7). Assume first 
that m is finite. We will consider one case, leaving the other ones to the reader. Using 
bi-linearity, we obtain 

m 

k,l=l 
m 

k,l=l 

m 

= l^^'^dl^"'^ + dl^'^H^'"^ + 

k=l 

= l^^'^dl^"'^ + df'^^f'^^* + dl^""^- 

where we used the fact that the time differential dA^^^ = d,t commutes with the projections 
Pt'^-^l for all G N. This gives d&'''>d&''> = d&''>. The strong limit as m ^ oo on £o of 
this relation gives dldl* = dl = dt. The other cases are analogous. □ 

The processes obtained from the above Ito table will be denoted [/"^ , /"^^J, as in Section 
6 for filtered fundamental processes, i.e. 

dr^dr^ = dir\r^. 

Another notation will also be needed in the Ito formula. Namely, for a given densely 
defined ^-adapted linear operator H on T{7i), let 

]Pq(H) = ^ p[fc-il/fp[fe-il (7.1) 

kev 

JPi{H) = ^pWi/p['=]. (7.2) 

kGV 

The two operators Pq and Pi play a role of "partial traces" . Of course, the only difference 
between Pq and Pi is that the first one includes the vacuum in its trace ii k — 1 E V, 
whereas Pi doesn't. 
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The differentials wliicli enter tlie m-free Ito formula are given by 

dJ^'' = F2 ® G'2#rf/"2 = F2dr'G2 

where ai,a2 € J-m- They correspond to integrals J2^, respectively, for which we 
assume, without loss of generality, that Jf^(O) = J2 ^{0) — 0. 

Theorem 7.4. Let d ® Fi g Lf„,(Fi, Di, F* ® e E^, dl"'^), F2 ® 

G2 e Ll^{D2,E2,dr'^), where Di,D2,Ei,E2e P(N) and «i,a2 G J",,,,, m G N*. Suppose 
that J"V^^ is a filtered adapted process and that J°'^F2 ® G2, Gi® FiJ'2 \ G1F1F2 ® G2 
and Gi ® F1F2G2 are locally square integrable with respect to dl""^, dl°'^, and 
respectively. Then 

d{J^'J^^) = J^'dJ^' + dJ^'J^^ + dJ^'dJ^^ 

where 

dj'^'j^^ = Gi® FiJ^^4^dr\ 
j'^'dj^' = jf^F2®G2#(ir% 

and the ltd correction can be written in two equivalent ways: 

dJ'^'dJ^' = Gl®Pai,a.(FlF2)G2##"\rl 

= GiP«„„,(FiF2)®G2Mr,r] 

where 



p 


(m)* 


(m)o 


(m) 


IPo 


Pi 


(m)o 


Pi 


Pi 



Proof. We will restrict our attention to the Ito correction. Let m be finite and take 
ai = (m) and a2 = {m)*. Using bi-linearity and Theorem 6.1, we obtain 

m m 

djt^hjf^* = Gi«)FiF2«)G2#((Ep['^rfA(^\E^^^'^*^''~'')) 

A;=l /=1 

m 

= ^ GiP[*^-^l (8) F1F2 ® p['-'lG2#((dA('=\ d^^')*)) 
fe,«=i 

fcG-Di(m)nD2(m) 

^ Gi ® p['^-ilPiP2P'^'"''G2#(i/^™^' 

fe6DinD2 

= Gi^lPo{FiF2)G2^dl^"'>. 
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Using the second way of writing the Ito correction as indicated in Theorem 6.1 we obtain 
a similar expression in which the differential dl^"^^' is placed right before G2. 
Let now cci = (m)o and a2 — (m)*. Then 

m m 
k=l 1=1 

m 

= ^ Gi (g) p[^lFiF2 pl'=-^]G'2#((c/A(^)°, dA^^>)) 

k,l=l 

J2 GiP^^^FiF2® P''^-^^G2i^dA^^> 

keDi{m)nD2{m) 

J2 G'lPl'^lFiFsPl'^l G2#dA^''>P^''-^^ 

keDi{m)nD2{m) 

where we used the fact that for any x e T{n), we have x' = Pt^^-^lx e T{n'^^^) and thus 

x" = dA^''>x' e f(H('=+^)) e f(H('=)) 

since dA'^''^* adds color A; to the given vector and thus P^^^x" — x" . Therefore, we obtain 

m 

keDir\D2 r=l 

which finishes the proof if the differential dl^^^* is to be written right before G2- The 
second formula for this product as well as the two remaining cases are proved in a similar 
manner. If m = 00, one uses Definition 3.1. (assumption 3) and the fact that m-free 
processes converge strongly to free processes. □ 



8. Stochastic differential equations 

Let Vq be a finite collection of subsets of the power set 7^(N) which is closed under inter- 
sections. We will estabhsh existence and uniqueness of solutions of systems of stochastic 
differential equations of the type 

div = E T.XlnlE#dA^ (8.1) 
Cr\Df\E=v TjeT 

lv(0) = 4'^ (8.2) 
on Sq, where V G Vq, d ^'^^ suitable (C, £>)-adapted locally bounded biprocesses and 

4°) = ® p(^) e B{h^) ® B{T) (8.3) 

where 7^ arc bounded operators on ho. By Y.Cf\Dr\E=v '^^ understand the summation 
over all C,D,E e Vo such that C f] D (1 E — V. Thus, we suppress in the notation the 
fact that C,D,E e Vq. This convention will also be adopted in expressions of similar 
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type in the sequel. Of course, the above system of stochastic differential equations should 
be interpreted as the system of stochastic integral equations 

Iv{t) = + E E /* XlolEi^^dA^ (8.4) 

on £q, where V E Vq and t > 0. Note that on both sides of (8.1) and (8.4) we have 
processes of the same type of adaptedness. The reason for this is that in a variety of 
interesting cases, processes of different types of adaptedeness are linearly independent 
(see Lemma 8.3). 

We will need the elementary estimate given below. 

Proposition 8.1. Let B{t),L{t) e B{h) for all t>0, where h is a separable Hilbert 
space and let fi be a numerically-valued measure on R+ of bounded variation. Suppose 
that the mapping t ^ B(t)y is strongly measurable for all y E h and locally bounded and 
that the mapping t L(t)x is strongly measurable, where x E h. Then 

^\\B{s)L{s)xfdn{s)< sup \\B{r)f \\L{s)xfdfi{s) 

Jo 0<r<t JO 

for allt>0. 

Proof. Obvious. □ 

Theorem 8.2. Let X^jy g B\o^{C,D) for all r] e T and C,D eVo and let /{?^ be 
given by formula ( \8.!^ for all V eVq. If 

Y: sup ||5^,^(.)f <oo (8.5) 

for all t > and C,D E Vq, where B^^ \= X^^, then there exists a unique family of 
V -adapted regular processes {Iv)v^Vo satisfying equation ([57 



Proof. The iterative scheme is established in the usual way. Thus, let ly^ be the zero-th 
order approximation oi ly, V eVq, and let 

I^v\t) = + E E t Xl^lf^^dA^ (8.6) 
cnDr\E=v ri&r-^^ 

for all n G N. We will show that the iterative scheme is well-defined, each ly ^ is a regular 
y-adapted process and that the following estimate holds: 

||(4")(t) - I^^-'\t))xf < 2"|Por"A;?/o||xf -^^^4^ (8.7) 



for each n G N, t G [0,T] and x E A4o, where \Vo\ denotes the cardinahty of V( 

1 llr(0)l|2 
In = max h \\ 

kr = max kriC, D) 

C,D£Vo 

kr{C,D) = Y: sup \\Bl^ 



0, 
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and Uu{t) = z/„([0,t]). 

First of all, Xq jjl^^ is locally square integrable w.r.t. dA^, r] G T, for all C, D, E G Vo 

since X^. ^) G B\oc{D, E) and J^'* is a bounded operator (Proposition 8.1 is used to show 

that the seminorms given by ( |5.1| ) are finite). Therefore, ly^ will be well-defined if the 
estimate ( |6.1D is proven to hold. This will follow from the proof of the estimate (|8.7| ) for 
n = 1 given below. For fixed T > and < t < T we obtain 



< \Vof max \\y f' X^cD^Pi^dA'^xW' 



< 2|Po|V"(^^ max 5: sup ||i?2>,i.(^)f Il4°^f ll^lP^.W 

< 2\Vo\^e''-^^^kTlo\\xfiyu{t) 

using the estimate ( |6.1D and Proposition 8.1, which proves the estimate for n = 1. More- 
over, note that ly^ is a regular ^-adapted process (by Theorem 6.3). 

Now, suppose that V eVo , are well-defined regular y-adapted processes for 
which the estimate ( |8.7| ) holds, where 1 < k < n — 1. Then the integrands X^ are 

locally square integrable w.r.t. dA^ since X^jj G Bioc{D,E) and 1^'^^ is regular. Now, 
using Proposition 8.1 and condition ( |8.5| ), we obtain 

E f \\Bl^{s)lt'\s)xrdMs) 
< Y.{ sup ||i?^n(r)|in{max ||4""')(.)xf }z..(t) < oo 



^Q<r<t ' 0<s<t 



for all C, D, E G Vo, t > 0, w G Vq and u G Ho- This implies that /{T'' is a well-defined. 



regular ^-adapted process since each term in the sum on the RHS of equation (|8.6| ) is 
a regular l^-adapted process. Moreover, using Proposition 8.1 and then the inductive 
assumption, we arrive at 

Ul^^\t) - lt'\t))x\ 



|2 



< 2|Po|V^^-),max^,{E^5.pJ|B^^^ 
X \\{lt'\s) ~ lt'\s))xrdu^{s)] 

< 2^\Pof^e^''-^^hJ^lo\\xf^^^^^^. 
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This shows that the estimate ( |8.7| ) holds for all natural n. Therefore, the strong limit 
Iv{t)x = s — lim^^oo ^v'^ exists for all V G Vq, t > and x G Aio and defines a regular 
V^-adapted process which satisfies equation (|8.4|). 

Suppose there exist two solutions {Iv)vero^ {^v)v£Vo of equation ( ^^) , where /y,/y 
are regular ^-adapted processes for all V E Vq. Then, setting ly — ly = Zy for all 
y G we have 

Zv{t)x= t ^InZEi^dA^x 

CnDnE=V ri€T-^'^ 

for all X G A^O; ^ £ ^0 and < t < T. This gives (by Proposition 8.1) 

rt 



max < iPol^Hiax max / 113% nis)ZE(s)x\\^diyJs) 

y w v \ J i\ - I ui y cnDnE=v " ^'"^ J ^\ J w «v ; 

< {VqI^ max sup H-BcdI^)!!^ / max ||ZE(s)x|p(iz/u(s) 



and therefore, by Gronwall's inequality (see [P]), we obtain 

max ||Zv'(t)2;||^ < 
V " V / II — 

for < t < T, which gives Zy{t) = on for < t < T and V G Vq. Since T is 
arbitrary, this implies that Zy{t) = for alH > 0. □ 

Using Theorem 8.2, which deals with systems of equations, we can establish existence 
and uniqueness of the solution of the stochastic differential equation 

dl = Y.^"^i^dA" (8.8) 

J(0) = /(°) (8.9) 

in the class of Po^adapted processes, where is a suitable {Vq.Vq)- adapted biprocess 
for all rj eT . We just need to impose a condition on which will ensure that processes 
with different types of adaptedness are linearly independent. 

Lemma 8.3. Let Vq = {Vi, . . . , Vn}, be a finite subset ofV(N) such that 

Vi\iV,U...U y,_i) ^ (8.10) 
fori = 2,...,n, and let Yy G AiV), where V eVq. If 

E Mt)x = 

for all t > and x G Mq, then Yy{t)x = for all t >0, x e Mq and V eVq. 

Proof. Let x = we{u). In view of the condition (|8.10| ), W := Vn contains elements which 
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are not in Vi, . . . , Vn-i- Let us choose u in such a way that u^^^ ^ and u^^^ = for all 
V e {Vu...,Vn-i}. We have 

for all such u, t > and w G /iq- However, by assumption, we also must have 

Ywit)we{ut)) + J2 yvit)w£{ut)) = 



for all such u, t > and ti? G /iq- These two facts imply that 



where 

£0(2;) = eiz) - ^ 
for z eTIq. Since eol'^^lt^'') 7^ 0, we must have 

Yw{t)we{ut)) = 0. 

Since Ut) and w were arbitrary, it is now enough to use VF-adaptedness to get 

Yw{t)we{u) = Yw{t)'we{ut)) ® £{u\^'^) = 

for all t > 0, w G Hq and u G Hq. Hence Y]y = on £^o- We can continue this way for 
other sets in Vo to show that Yy = for all G Po- ^ 

In view of Lemma 8.3, the problem of existence and uniqueness of solutions of (|8.8|) - 
( ^■91 ) in the class of "Po-adapted processes is equivalent to that of existence and uniqueness 
of solutions of the system of equations ( |8.1| )- (|8l^ ). The most natural examples of stochastic 
differential equations which "mix different types of adaptedness" appear in m-free calculi 
and will be presented below. Before we do that, let us establish another result which will 
be needed in Section 9. 

Namely, it is desirable to establish existence and uniqueness of solutions for a more 
general class of equations than those given by ( p.8|) -( pl9D . In particular, we would like to 
get uniqueness of solutions of the equation 

dl = ^{XVM'?#rfA'' + A^''/y''#ciA''} (8.11) 

J(0) = /(°) (8.12) 

where 

x^= y: n®Gi, Y^= y: k®ki 

D,EeVo D,EeVo 

and 

iVf? = ^ Ml, N"^ = 
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under suitable assumptions on X'^,Y'^ , , N"^ . For our purposes, it will be enough to 
establish conditions under which the solution of equations (|8.11| )- (|8TT^) is unique, if it 
exists. Note that they are not the most general (one can extend this result in the spirit 
of [Ac-Fa-Qu]) and that they also guarantee existence of a solution. 
We will say that a V^-adapted process Fy is a P'^^^- ampliation if 

for alH > 0, according to the decomposition F = /iq F. 

Theorem 8.4. IfF^^, H^, G'l, H^, K'^, M^, are F^^^-ampHaUons and 

Gl, H^y, K^y, M^y N^y E B^ho) 



for all V E Vo and rj E T, then the solution of equations is unique if it 

exists. 

Proof. Denote by Z the difference of two Po-adapted solutions of the above equation. Let 

m(t) = max max sup \\Zy(t)we(u^^^)\\ 

V&VoW&Vo ||^||<i 

for all t > 0. Then, as in the uniqueness proof of Theorem 8.2, for < t < T and given 
u eHo, there exists a non-negative constant c{T,u) and a measure r which is absolutely 
continuous w.r.t. the Lebesgue measure, such that 

'm{t) <c{T,u) / m(s)dTs 
Jo 

for all < t < T. By Gronwall's inequality, we obtain m{t) = on [0,T] and this gives 
uniqueness of solutions. This completes the proof of the theorem. □ 



m-free stochastic differential equations 
Assume that m is finite and consider stochastic differential equations of the form 

dl = Fi ® + F2 ® G2/#rf/^^'"^* 

+ F^®G^Ii^df'^^° + F^®GJi^dl^'^'^- (8.13) 

/(O) = /(°) (8.14) 

where 



(0) 
V 

(m) 



with Fi®GiE BiociVo, Po) for 1 < i < 4, where P^™^ is given by Example 2 in Section 9 
and i3ioc('Po) "^o) denotes the space of locally bounded (Vo,Vo)- adapted biprocesses. 
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In view of relations ( p^.6D -( P^ , we can express extended m-free differentials in terms 
of filtered differentials and this leads to 



k=l k=l 
m 

+ ^ FgPt*^! ® G3/#rfA(^^° + F4P('"^ ® G'4/#rfA(°) (8.15) 



m 



k=l 



/(O) 



(8.16) 



Note that equations ( |8.15| )-( |8rT6| ) are a special case of equations (|8.8|)-(|8l9|). From The- 
orem 8.2 we obtain existence and uniqueness of solutions J(m) of equations (|8.13|) - (|8.14| ) 
for each finite m G N. 

The case m = 00 is obtained by taking strong limits as we show below. For that 
purpose, we need to make stronger assumptions on the integrated biprocesses Fi ® Gi, 
1 < z < 4. 



Theorem 8.6. Suppose that Fi®GiE BiodVo, Vq), i = 1, . . . ,4 and that there exists 
p G N such that the ranges of Fi{t) are contained in T(T-C^'p^) for allt >0 and i = 1, . . . , 4. 
Then 

Ut)x =: s- lim I(m){t)x (8.17) 



exists for all t > and x G Aio, and satisfies equations ^8.1^ )- ^.14 ) for m = 00. If 
I{m){t) is an isometry for all t > 0, then I{t) is an isometry for all t > 0. 

Proof. From the assumption on the ranges of Fi{t) and the iteration of solutions as in 
the proof of Theorem 8.2 we obtain lj^^s^{s)x G T{H^'p^) and thus /(m)(s)x G T{H^p^) for 
all s > 0, X G Aio and m G N. Therefore, by Definitions 3.1 and 3.2., there exists g G N 
such that 

G^is)I^m)is)x,G^is)I^r.)is)x G f(7^('')) 

for all 0" = 1, 2, 3, 4, s > and n, m G N. From this and relations ( p^.6D -( P^ we infer that 
there exists m G N such that for all n > m we have 

F, ® GJ^n)xi^df'''^'' = JIf,® G'./(„)X#ci/("^)'^ 

for all X G M.q, where a = 1,2,3,4 correspond to annhilation, creation, number and time 
processes, respectively. This leads to 

il^rn){t) - Iin){t))x = ^ / ® ^(V) - /(„) )x#rf/('")^ 

for all t > and n > m. Decomposing all processes into their filtered components and 
using similar arguments as in the proof of Theorem 8.2, we conclude that I(^rn){t)x = 
I{n)(t)x for n > m. Therefore, s — Imim^oo I {m)if)x = I{t)x exists and is the unique 
solution of equation ( p.l3|) - (|8.14 ) for m = 00. The last statement is obvious. □ 
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9. Unitary evolutions 

In this section we establish necessary and also sufficient conditions under which the 
stochastic differential equation 

dU = X^'Ui^dA'^ (9.1) 

[/(O) = 1 (9.2) 

has a unique unitary solution U = {U(t))t>o, i-e. U{t) is unitary for all t > 0, where Vq 
is a finite subset of the power set V(N), 7^ is a finite subset of T and X"^ are suitable 
(Vq,Vo)- adapted biprocesses for all r/ e 7^. 

Throughout this section we assume that T>q = ho and we use the notation 

{D,E)(iVo 

where '^^£,,e given by (4.2) and B]^^^ |= X^^^ for G To and D,E E Vq. We begin with 
our second linear independence lemma. 

Lemma 9.1. Let X^ G C(Vo,Vo), where r] E Tq, and Tq, Vq are finite subsets of T 
and 'P(N), respectively, and Vq is closed under intersections and satisfies the condition 



(i) the map u ^(t)we{u) is strongly continuous for each t > 0, w E h^, u E Hq, 

T] E Tq, and D,E E Vq, 

(n) ErieTo lo X'^i^dA'^x = for allt>0, x E Mq, 
then 

B'^{t)x = (9.3) 

for all rj E %, x E Aio, o-nd t > 0. 

Proof. The proof is a straightforward modification of that for adapted processes [Par] and 
therefore will be omitted. □ 



Let us now address the question of unitarity of the solution of (|9.1| )- (|9.2| ). In other 
words, we are looking for necessary and sufficient conditions under which U{t)U*{t) = 
U*{t)U{t) = 1 for all t > 0. If Vq is closed under intersections and the condition (|8.1CI|) 
is satisfied, then, for the solution to be unitary it is necessary that N G Po since we then 
must have 

E u^mut) = E E mwDit) = 1 

c,DePo vePo cnD=v 

E ucmm = E E uc{t)m) = i 

C,D&Vo VgVo CnD=V 

for all t > 0. This, by Lemma 8.3, implies that the sum over V must include = N and 
that 
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for alH > 0, whereas 

cr\D=v cnD=v 

for alH > and any V eVq such that ^ 7^ N. This means that in order to study unitarity 
on T{7i) one needs to include adapted biprocesses in the filtered adapted biprocesses. For 
that reason we will assume that Vq contains N. However, in order to establish unitarity 
conditions, stronger conditions on Vq are needed. This motivates the following definition. 

Definition 9.2. We will say that a collection Vq C 'P(N) is admissible if 

Vo = {Vi,l<i<p}, 1 < p < cx) 
where is a proper subset of V^+i for all 1 < 2 < p and ^ = N. 

Example 1. Let Vq = {N}, i.e. Vq consists of one filter which corresponds to adapted 
biprocesses, i.e. boson calculus (either with a finite or infinite number of degrees of free- 
dom). Then Vo is admissible. 

Example 2. Let P^™-' = {y(A;),N : 1 < A; < m + 1}, where m e N, with V{k) = 
{1, . . . ,k — 1}. Then Vq™"^ is finite and admissible for each m G N. These collections of 
filters appear in m-free calculi for finite m. In turn Vq°°^ = {V{k), N : 1 < A; < 00} is an 
admissible collection of filters corresponding to free calculus. 

Lemma 9.3. LetVo C P(N) be admissible and finite and suppose thatX'^ G BiodVojVo) 
nC(Vo,Vo) and are non-zero if and only if rj G %, where % is a finite subset of T and 
that the continuity condition (i) of Lemma 9.1 is satisfied. Then, for the unique solution 



of equations l\9.1\ j- ^^7^ ) to be an isometry it is necessary that 



{B'l^t))* + B'^{t)+ {B'''^{t)yB''^{t) = 

lVi,V2]=V 



for all t > and rj eT , where 



E - E (9-4) 

Proof. The proof is based on the filtered Ito formula. We will use elementary biprocesses, 
i.e. ^ = ® for all 77 G 7^ and D, E E Vq. In all summations it is implicitly 
assumed that rj E Tq and D.,E G Vq and only additional conditions on the summation 
indices are shown. We have 

V D,E 

U{0) = 1 
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and since the number of terms in the sum is finite, it is clear that U* = {U*{t))t>o satisfies 

V D,E 

U*{0) = 1 

Applying the filtered Ito formula to the isometry condition U*{t)U{t) = 1, we obtain 
(skipping t to save some space and choosing one way of writing the Ito correction of 
Theorem 6.1) 

= dU*U + U*dU + dU*dU 

= E E u*{Giy ® {F^yu^^dA''^ + E E u*f^ ® oiu^dA^' 

V D,E V D,E 

+ E E u*{Gty ® p,,,,, [{Fi^^yFii] G^iumA^\An 

Vi,V2 Di,Ei,D2,E2 

Note that U and U* are "Po-adapted, i.e. in general, they contain mixed types of adapt- 
edness. Using equation (|9.3|), we obtain 

E K,zUw{iB''^y + B'' + E {B^'^yB'^'}Uz = (9.5) 
iw,z)ePo lm,V2}=v 

for each t] E %. 

Since Vo is increasing, it is easy to check that we have 

E uvit) E u^ii) = u^mm = 1 

VGVq W<=Vq 

and therefore, by mulitplying equation ( p.5| ) by U or Y^vevo Uyit) from the left and by U* 
or J2vevo Uy{t) from the right (that depends on 77), we arrive at 

kev 

{B"\t)y + B\t) + {B"'^it)yB'''^{t) = 

hi,»?2l=»? 

which ends the proof. □ 

Lemma 9.4. Under the assumptions of Lemma 9.3, for the unique solution of equa- 
tions ( \9.]\ )- i^97^ ) to be a co-isometry it is necessary that 

(5^t(t))* + 5''(t)+ J2 B'^'{t){B'^^\t)y = {) 
for all t > and rj eTq. 

Proof. The proof is similar to that of Lemma 9.3 and is based on differentiating the 
co-isometry condition U{t)U{ty = 1 and then using the filtered Ito formula. □ 
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Theorem 9.5. Under the assumptions of Lemma 9.3, for the unique solution of 
equations ^9.1\ )-( ^^ ) to be unitary, it is necessary that for all t >0 

(i) + 1 is unitary VA; G N 

(li) + + = 

(lit) 5(0) (t) + + Efe>i(5('=)*(t))*fi(^)*(t) = 

Proof. It is a straightforward consequence of Lemmas 9.3-9.4. □ 

Remark. Although the unitarity conditions of Theorem 9.5 have the same form as in 
boson calculus, it is important that are, in general, Po-adapted and not N-adapted 



processes. Note also that, in general, certain summands in (9^) are equal to zero. This 
tells us which components of ("Po, Po)-adapted biprocesses may give a non-zero contribu- 
tion to the differential equation (only these enter the unitarity conditions). 

Theorem 9.6. Suppose Vq is admissible and finite and X]j ^ = ® G^^, with 
Fl{t) = Fl{t) ® P(^), = G'^(t) ® P(^) according to the decomposition f = hQ®T, 

where F^,G\ e Biodho) for all rj E Tq and D,E E Vq. Then the conditions (i)-(iii) of 
Theorem 9.5 are sufficient for the unique solution of equations ^9.1\ )- ^^ ) to be unitary. 

Proof. Let 

U{t) = 1 + V t X'^U^dA'^ 

for all t > 0. We will first show that if conditions (i)-(iii) of Theorem 9.5 are satisfied, 
then U is an operator- valued isometric process. Denote x = we{u),z = ye{v), where 
w,y E Hq and u,v E Hq and let 

Izit) = Y: E f Fl®GlUyi^dA^ 
for Z G Po and t > 0. We have 



{U{t)x,U{t)y)-{x,y) = f {Uwx,{B^ry)dfil 

rj W 

+ EE j\x.B^Uwy)di4,^^ 

+ E E f\uw,x,{B^>rizy)dt,llz 

+ E E f\lzx,B^-Uw,y)d^lw, 
+ E E E j\uw,^,iB^'^rB'^Uw,y)df,l^,^^ 



where we used the filtered Ito formula. Now, using 

Uz = Iz, Z^N 

f/N = 1 + /n, 
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then replacing Z in the 3rd and 4th terms by W2 and respectively, and taking into 
account all cancellations, we arrive at 



V Wi,W2 

n r„ „.T1 TIA 



[»7i,»72]=»?M/i,W2' 

in view of the isometry conditions of Lemma 9.3. Therefore, U is an operator-valued 
isometric process. 

Proceeding in a similar way, we can show that if, say 

Vo - {^1, ... , K}, where Vi C C . C K = N 

then 

n 

i=k 

is also an isometry for all 1 < < ?i and t > 0. Therefore, each Uv{t), V e Vq, is an 
operator-valued process. 

Let us show that U{t) is a co- isometry for all t > 0. The adjoint process U*{t) obeys 
the equation 

dU*{t) = Y.Y.U\t){Gl{t)r®{Fl(t)r#dAf 
■n D,E 

U*{0) = 1. 
Proceeding as in the isometry case, we obtain 

{U*(t)x,U*(t)y)-{x,y) = E E l\^^Uw,U*^,{B^'^ry)dixl,^^^^^^ 

+ E E / {x,B^Uw,U*^,y)diil 

V Wi,W2 " 

+ E E E A^^B^'Uw,u*^^{B^'^Y)dni,^^^^ 

lmM='nWuW2-'^ 

This equation is equivalent to the stochastic differential equation 

d{UU*) = Y.T.{UU*{Gty ®{Fl^yi^dA'^ + Fl®GlUU*i^dA'^} 
n D,E 

+ E E E ^5>G'^i,t/[/*(Gf;r(F^fr#dA^ 

['?l,'?2]=»?-Dl.Si 
D2,E2 

Now, U{t)U*{t) = 1 is a solution of this equation if the co-isometry conditions of Lemma 
9.4 hold. This solution is unique in view of Theorem 8.4, which completes the proof. □ 
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Unitarity conditions for boson calculus 



Note that the unitarity conditions of Theorem 9.5 have the same form as those for 
boson calculus on multiple symmetric Fock space [Mo- Si] (cf. [H-Pl], see also [P]). To 
recover them, set Vo = {N}, 5^^)* = L^, 5^^)° = Sk - I and R = H. 

Unitarity conditions for m-free calculi 

Let us show that Theorem 9.5 covers unitarity conditions for m-free calculi. Let m e N 
and let Vo — Vq^^ (see Example 2 in this section) . 
For a given Po-adapted process F — J^veVo ^v, let 

ve-Po 
kev 

where e N. Using this notation, we can write 

= F^{t)P^'-'\G^{t)]k 

= F^{t)P^'^^G^{t). 

It is important to notice that [P'^^^F]^ = P^''^^^[F]k which gives the third equation above. 
The other ones just express relations between two notations. 

In particular, when F2{t) — G3{t) — and F2{t) — Gi{t) — 1 for all t >0, the above 
conditions can be written in an equivalent form 

F4t)P^"'^G^{t) + Gl{t)P^'^^F:{t)+G;{t)G2{t) = (9.6) 

Fi{t)P^'^^ + G;{t)P^"'^ = (9.7) 

which are the m-truncated versions of the unitarity conditions in [K-Sp]. 

From the considerations of Section 8 it follows that if Fj, Gj, i = 1, . . . ,4, are linear 
combinations of P^^^'-ampliations for V & Vo which satisfy the assumptions of Theorem 
9.6, then the strong limit of unitary solutions s-lim^_»oo C^(m) exists and is unitary. There- 
fore, it is sufficient that the m-truncated unitarity conditions hold for all m e N which is 
equivalent to 

F4t)G4t) + Gl{t)F:{t) + G;{t)G2{t) = 

Fi{t) + G*{t) = 

i.e. the unitarity conditions for the free calculus. 
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